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MODELLING OF ALGAE GROWTH BY COMBINING FUZZY LOGIC
AND FINITE ELEMENT METHOD
Oliver Krol, Thomas Bernard, and Felix Sawo
Fraunhofer Institute of Optronics, System Technologies and Image Exploitation IOSB
ABSTRACT
In this paper we present a novel approach for mod-
elling spatial distributed biochemical and environ-
mental processes like the growth of plants and the
related biochemical reactions. One of the main chal-
lenges for modelling of spatial distributed phenom-
ena is the estimation of the model parameters. The
physical phenomena like flow and mass transport
can be described by PDEs of fluid dynamics, but
for effects like growth rates often no analytic mod-
els are available. However, in many cases experts
have knowledge about the system behaviour that
can be formulated by a set of if-then-rules. As this
kind of knowledge can easily be handled by so-
called Fuzzy models we propose the coupling of
FEM models with such Fuzzy models. By this means
one or more parameters of the classical PDEs are
estimated by Fuzzy Models. Besides the natural in-
clusion of expert knowledge a second benefit of this
approach consists in the fact that Fuzzy Models can
describe even very nonlinear phenomena. The pro-
posed approach is applied for modelling the growth
of algae of Orbetello lake in Italy.
Index Terms— Finite Element Method, Fuzzy
Model, Expert Knowledge, Eutrophication
1. INTRODUCTION
One of the main challenges for modelling of spa-
tial distributed phenomena is the estimation of the
model parameters. E.g. in a lot of biochemical
or biophysical applications the physical phenom-
ena like flow and mass transport can be described
by PDEs of fluid dynamics, but for parameters like
growth rates often no analytic models are available
or the existing models require a large number of pa-
rameters which are hard to determine. However, in
many cases experts have knowledge about the sys-
tem behaviour that can be formulated by a set of
if-then-rules. As this kind of knowledge can eas-
ily be handled by so-called Fuzzy models [11] we
propose the coupling of finite element models with
such Fuzzy models. By this means one or more
parameters of the classical PDEs are estimated by
Fuzzy Models. Besides the natural inclusion of ex-
pert knowledge a second benefit of this approach
consists in the fact that Fuzzy Models can describe
even very nonlinear phenomena.
2. CONCEPT OF FUZZY BASED
PARAMETER ESTIMATION
The present concept assumes that spatially distributed
models represented by PDEs (e.g. Navier-Stokes
equations) can be numerically solved by finite el-
ement method. Parameters that can not be calcu-
lated by analytic models (like static or ordinary dif-
ferential equations (ODEs)) can often be approxi-
mated by means of expert knowledge that is incor-
porated by if-then-rules. With an inference scheme
of Fuzzy Logic [11] the expert knowledge can be
transformed into physical crisp values. This ap-
proach allows the maximal use of expert knowledge
and reduces limitations due to missing information
and parameter values. Figure 1 shows the structure
of a coupled Fuzzy and FEM model where the out-
put variables of the FEM model is returned to the
Fuzzy model as input variables. This model struc-
ture in general yields a nonlinear FEM model.
The calculation of the Fuzzy model consists in
three steps [11]: 1. Fuzzyfication of input parame-
ters, 2. inference of if-then-rules and 3. defuzzyfi-
cation. Within step one the considered input/output
variables are transformed to linguistic variables, e.g.
small, medium, large and maximum ranges of the
considered variables are defined. In the inference
unit (step two) the actual processing of the linguistic
variables is performed whereby if-then-rules have
to be formulated by experts that describe the in-
terdependence of the input parameters to the out-
put parameter(s). The defuzzyfication (step three)
generates crisp physical output values of the Fuzzy
model.
The concept of coupled Fuzzy and FEM mod-
els is demonstrated by the modelling and simula-
tion of algae growth in flat water bodies and related
eutrophication effects. The proposed approach is
very suited for this problem as the hydrodynamics is
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Fig. 1. Structure of coupling spatially distributed
FEM-models and Fuzzy models.
well understood whereas the biochemical processes
are still a topic of research and the developed mod-
els are very complex and require a big number of
parameters [2]. Since in general the required pa-
rameters (e.g. growth rates) are not measurable for
the entire model domain the idea raised to estimate
them by taking the main variables (e.g. tempera-
ture, fluid velocity, nutrients concentration) into ac-
count and estimate the algae growth rate by Fuzzy
model. The next section summarises the main re-
sults of our studies.
3. CASE STUDY: ALGAE GROWTH
3.1. Eutrophication in flat water bodies
Effluents and alluvial deposits from agrarian areas
transport great quantities of chemical nutrients that
can easily reach nearby water bodies causing an in-
crease in the concentration of nitrogen and phos-
phor compounds. A direct consequence of high con-
centrations of these elements can be observed in
an excessive growth of algae. Its decomposition is
an intensive oxygen consuming biochemical reac-
tion that decreases the dissolved oxygen level con-
centration. The main factors driving algae growth
are nutrient concentration, water temperature and
light incidence [3], [9]. Additionally hydrodynam-
ics play an important role since the mass distribu-
tion in flat water bodies is mainly determined by
the fluid velocity [6]. Depending on the level of
eutrophication the degradation of water quality can
have harmful consequences for the ecosystem. If
the dissolved oxygen concentration falls under a cer-
tain level, the decomposition of organic material via
aerobe bacteria ceases, ammonia, methane and hy-
drogen sulphide concentrations produced by anaer-
obe bacteria rises, having deadly consequences for
fauna and flora [8].
High levels of eutrophication can be avoided by
artificially removing algae from the water, however,
this measure raises important costs for the respon-
sible agencies [7]. For a sophisticated water course
management detailed information about where al-
gae growth has to be expected is of great value.
Therefore a detailed model that covers the underly-
ing hydrodynamics as well as the biochemical pro-
cess is required to achieve realistic predictions of
such areas
In the following sections we will present a hy-
drodynamic model which was modular implemented
in COMSOL using the Chemical Engineering Mod-
ule (incompressible Navier-Stokes application mode
with transport phenomena) and a Fuzzy model which
contains the expert knowledge for the description
of algae growth in MATLAB. Additionally we will
describe the coupling of both models, achieving a
novel approach for modelling spatial distributed and
environmental processes. We will conclude with
the results of an application example on the Or-
betello Lagoon in Italy.
3.2. Hydrodynamic Model
The behaviour of a Newtonian fluid (velocity and
pressure) is described by the Navier-Stokes equa-
tions (1) - (2). These build a system of coupled
nonlinear partial differential equations that can be
solved approximately by numerical methods like FEM.
∂ρ
∂t
+ div(ρ~u) = 0 (1)
∂~u
∂t
+ ~u · ∇~u = 1
ρ
∇p− ~g + η∇div~u (2)
∂cB
∂t
+ ~u · ∇cB = ∇(Ddiff∇cB) (3)
+ ∇(Ddisp∇cB) +RB
∂cN
∂t
+ ~u · ∇cN = ∇(Ddiff∇cN) (4)
+ ∇(Ddisp∇cN) +RN
In addition to the Navier-Stokes equations the trans-
port of mass by a fluid can be described with the
transport equations (3 - 4), as we can observe this
is coupled via the fluid velocity with the Navier-
Stokes Equations. The transport equations are pre-
sented here in a general form accounting for advec-
tion, diffusion and dispersion as transport mecha-
nisms. However since the dominant transport mech-
anism in flat water bodies is advection [6], the diffu-
sion and dispersion coefficients have been neglected
during our studies. The subindices B and N stand
for biomass (algae) and nutrients, these will be dis-
tributed depending on the growth and depletion rates
RB , RN , and the fluid velocity ~u over the simula-
tion model.
Equations (1)-(4) were modular implemented us-
ing the COMSOL Navier-Stokes and Transport Mod-
ules [1]. Figure 2 describes the variables that are
simulated in the different modules and their interde-
pendencies. The biomass growth rate RB in equa-
tion 3 will be responsible for the coupling of the
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Fig. 2. Interdependencies of the different simula-
tion modules in COMSOL. ~u represents the fluid
velocity, p the pressure, cN the nutrients concentra-
tion, cB the biomass concentration, RN a nutrient
depletion rate, RB a biomass growth rate, and U0,
cN0 and cB0 the initial conditions for fluid velocity,
nutrient and biomass concentration.
FEM hydrodynamic model and the expert system
simulating algae growth. Additionally there will be
a natural interaction between nutrients and biomass
that will be represented by coupling both transport
equations. The coupling of both models will be de-
scribed in detail in section 3.4.
Since the aim of our studies was the exploration
of a Fuzzy-FEM approach to improve spatial dis-
tributed modelling and not the exact simulation of
flow-biological interactions, several model simplifi-
cations were established. First, nutrients and biomass
were condensed to two magnitudes cN and cB that
represent the concentrations of nutrients and algae
in the water. Second, we confine our simulations to
algae species that grow at the surface of water bod-
ies (e.g. Nodularia Spumigena [8]) and to flat water
bodies (i.e. circulation processes can be neglected
[6]), simplifying a 3-dimensional problem to a 2-
dimensional one. Last, we restrict our simulation to
incompressible fluids.
3.3. Fuzzy Model
In the previous section we presented a hydrodynam-
ics model that simulates the behaviour of flow and
transport phenomena. The aim of this work is to in-
troduce expert knowledge in the previous model. In
order to achieve this we will present in this section
a model based on expert knowledge and fuzzy logic
to simulate algae growth, that was implemented us-
ing the MATLAB Fuzzy Logic Toolbox.
The first and perhaps most important step in the
development of an expert system is knowledge ac-
quisition [11]. In biology as well as in other scien-
tific disciplines this is not an easy task to accom-
Input Linguistic Variable Range
L Light [no Light , Light]
T [◦C] Temperature [5 , 30]
|~u| [ms ] Fluid Velocity [0 , 2]
cN [
g
m3
] Nutrients [0 , 1]
Output Linguistic Variable Range
RB [
g
s·m3 ] Biomass Growth Rate [0 , 0.1]
Table 1. Fuzzy Variables.
plish, since normally there is a great number of pa-
rameters that have to be taken into consideration
and expert knowledge is not easily available. For
our work we adapted a version of the HABES expert
system that was developed as part of the EU Fifth
Framework Programme. HABES is a Harmful Algal
Blooms Expert System which aims to improve the
understanding on the interaction between relevant
factors for algae growth, particularly the interaction
between physical and biological factors [10].
Fig. 3. Fuzzy model for the simulation of algae
growth. Inputs comply with the influence param-
eters defined in section 3.1. Output is a biomass
growth rate that will later be coupled with equation
(3).
The model inputs are according to the influence
parameters previously defined in section 3.1. These
are light incidence, water temperature, fluid veloc-
ity and nutrients concentration. The output mag-
nitude is a biomass growth rate RB that will later
serve as an input of the hydrodynamic model, more
specifically of the Transport Equation. A block dia-
gram of the fuzzy algae model is shown in Figure
(3) and a summary of inputs, outputs, associated
linguistic variables and ranges is listed in Table (1).
Every model input except for light influence will
be described with a certain membership value of
the following three linguistic values: low, medium
and high. For simplification reasons light influ-
ence will be represented as a binary magnitude (i.e.
light or no light). As long as the simulation time is
less than a predefined day length time the biomass
growth rate RB will be determined via fuzzy infer-
ence of the remaining inputs, in the other case it
will be set equally to zero. This is based upon the
fact that during the night hours no photosynthesis is
possible [3].
Two elements are still missing to complete the
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If temperature = high,
and fluid velocity = low,
and nutrients = medium,
then growth rate = medium.
Table 2. Example of an if -then-rule.
knowledge base. First, the membership functions
that map the sharp value of a given input into a
membership value of low, medium and high, an
example for the fluid velocity |~u| is shown in Fig-
ure (4). Finally, a collection of 27 if -then-rules
(out of the combination of three linguistic values)
that describes the relationships between the differ-
ent inputs and output fulfil the knowledge base, an
example is shown in Table (2). During simulations
the calculation of the growth rate RB is calculated
by interpolating non linear characteristic maps that
result from the fuzzy modelling. In Figure (5) an
example for a characteristic map of RB against wa-
ter temperature T and nutrient concentration cN is
shown.
Fig. 4. Membership function for the fluid velocity
|~u|.
At this point it is important to clarify where each
of the inputs of the expert system is generated. The
fluid velocity |~u| and the nutrient concentration cN
are calculated in every simulation step by the hy-
drodynamic model described in section 3.2. The
remaining inputs (light incidence L and water tem-
perature T ) have been implemented as look-up ta-
bles. This means that for any simulation time (e.g.
a summer or winter day) the system can determine
an approximate value of the light incidence and wa-
ter temperature. The first variable is based on water
temperature measurements of the Orbetello Lagoon
[4] and the values for light incidence were deter-
mined via a simple trigonometric model [5].
In the past two sections we presented a hydrody-
namic model implemented in COMSOL for the sim-
ulation of a flat water body based on the Navier-
Stokes-Equations and an expert system implemented
in MATLAB for the simulation of algae growth. It is
the main goal of the following section to discuss in
detail the combination and simulation of both mod-
els.
Fig. 5. Non linear characteristic map for the
biomass growth rate RB against water temperature
T and nutrient concentration cN.
3.4. Model Coupling
The first step in coupling both models is the aggre-
gation of the hydrodynamic model in Figure (2) and
the fuzzy algae model in Figure (3) to a complete
model. It is known from the previous sections that
the fuzzy algae model requires the fluid velocity |~u|
and the nutrient concentration cN for the calcula-
tion of the growth rate RB. On the other hand the
hydrodynamic model demands the biomass growth
rate RB and the nutrient depletion rate RN in Equa-
tions (6) and (7) (note that these are the simpli-
fied Transport Equations with only advection as a
transport mechanism) for the determination of the
current values of the nutrient concentration cN and
biomass concentration cB.
∂cN
∂t
= −~u · ∇cN +RN(t) (5)
∂cB
∂t
= −~u · ∇cB +RB(t) (6)
RN(t) = −k ·RB(t) (7)
Additionally nutrients and biomass are also natu-
rally coupled, i.e. in areas where biomass is pro-
duced (i.e. cB increases) nutrients are depleted (i.e.
cN decreases). For the sake of simplification and
since the main objective of our work lies not in the
exact modelling of biological processes, we expressed
this last interaction via a linear relationship in Equa-
tion (7). The complete system diagram is shown in
Figure (6).
Fig. 6. Complete system diagram.
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On the software level coupling is based on the
fact that COMSOL allows almost any function to be
define and called during the simulation cycle [1].
For this purpose we implemented a MATLAB-function
that receives as inputs the fluid velocity ~u, the nu-
trient concentration cN and simulation time t gen-
erated in COMSOL and has implemented the look-
up tables for the remaining inputs light incidence L
and water temperature T . It returns via execution
of the MATLAB evalfis-function the value of the
growth rate RB based on the current inputs and the
knowledge base defined in section 3.3.
3.5. Results
The Orbetello Lagoon exhibits a strong eutrophic
state, for this reason and the fact that it has been the
subject of several studies dealing with this problem
[4], [7], we selected it as a demonstration example
of the developed model. The lagoon is located in
the west coast of Italy, it has a surface of 27 km2
and is composed of two basins with inlets in the
north-west and south-west corners. The outlet is lo-
cated in the south-east corner. Both basins are con-
nected via a small passage under a bridge that joins
Orbetello with Monte Argentario. Its adjacent area
is characterised by an intensive agricultural activ-
ity that discharges waters rich in nutrients into the
lagoon, this having as a direct consequence an ex-
cessive growth of algae in the water surface [7]. In
Figure (7) a chart of the lagoon is shown.
Fig. 7. Chart of the Orbetello Lagoon from [7].
The simulation cycle is in accordance to the one
described in section 3.4. The parameters for wa-
ter temperature T and light incidence L have been
fixed to values encouraging algae growth (i.e. warm
water and long day length). First the fluid velocity
|~u| was simulated, the steady state profile is shown
in Figure (8). It equates the structure of the lagoon
with two inlets and one outlet as described in Figure
(7) and one can clearly differentiate between areas
with high and slow flow velocities. In areas with
slow flow velocity algae growth will be expected.
At this point it has to be noted that the parameteri-
sation of the model does not reflect the exact nature
of the lagoon since a scale factor has been intro-
duced in order to avoid numerical instabilities (e.g.
convergence) due to bad condition of the matrixes.
This is induced by the fact that flow velocity in the
Orbetello Lagoon is in the order of a few cms and
has often been neglected [7].
Secondly the nutrient concentration cN withRN =
0 (i.e. the natural interaction between nutrients and
biomass is neglected) was simulated. The steady
state nutrient profile is shown in Figure (9) and it
equates the previously simulated flow profile. In
contrast to fluid velocity, algae growth will be ex-
pected in areas with high nutrient concentration.
At this point biomass concentration cB and nu-
trient concentration cN, related by RN = −k · RB,
were simulated and the results are shown in Figures
(10) and (11) accordingly. A high algae concen-
tration is observed in areas where the fluid velocity
|~u| is relative slow and the nutrient concentration
cN is relative high. This shows that expert knowl-
edge has been successfully transferred to the FEM
simulation of the hydrodynamic model. We have
to notice here that the minimum of the mass con-
centrations is negative that of course contradicts the
obvious fact that an element mass cannot be less
than zero. However, reasons for this are given by
inaccuracy of the FEM simulation and relies on the
discontinuous nature of the boundary conditions for
the nutrients and biomass concentration.
4. CONCLUSIONS
In this paper we presented a generic approach for
modelling spatial distributed biological and envi-
ronmental processes by introducing expert knowl-
edge into finite element simulations. A hydrody-
namic model was developed in COMSOL and an ex-
pert system based on fuzzy logic and a knowledge
base was implemented in MATLAB. With the help
of a coupling function both models were combined,
showing promising results in the simulation of al-
gae blooms in flat water bodies.
The developed model has a generic nature in
the sense that it has not been tuned for a specific
specie of algae. Furthermore, the developed ap-
proach can be applied to each spatially distributed
problem where parameters can only be described by
expert knowledge. Hence further research will fo-
cus on the application of the method to further pro-
cesses.
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Fig. 8. Fluid velocity |~u| [ms ].
Fig. 9. Nutrient concentration cN [ gm3 ], RN = 0.
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